Abstract: Nowadays, nature-inspired metaheuristic algorithms are most powerful optimizing algorithms for solving the NP-complete problems. This paper proposes three approaches to nd near-optimal Golomb ruler sequences based on nature-inspired algorithms in a reasonable time. The optimal Golomb ruler (OGR) sequences found their application in channel-allocation method that allows suppression of the crosstalk due to four-wave mixing in optical wavelength division multiplexing systems. The simulation results conclude that the proposed nature-inspired metaheuristic optimization algorithms are superior to the existing conventional and nature-inspired algorithms to nd near-OGRs in terms of ruler length, total optical channel bandwidth, computation time, and computational complexity. Based on the simulation results, the performance of proposed di erent nature-inspired metaheuristic algorithms are being compared by using statistical tests. The statistical test results conclude the superiority of the proposed nature-inspired optimization algorithms.
Introduction
There exists a rich collection of nonlinear optical e ects [1] [2] [3] [4] [5] [6] [7] [8] [9] in optical wavelength division multiplexing (WDM) systems, each of which manifests itself in a unique way. Out of these nonlinearities, the four-wave mixing (FWM) crosstalk signal is the major dominant noise e ects in optical WDM systems employing equal channel spacing (ECS). FWM is a third-order nonlinear optical e ect in which two or more wavelengths (or frequencies) combine and produce several mixing products. For uniformly spaced WDM channels, the generated FWM product terms fall onto other active channels in the band, causing inter-channel crosstalk. The performance can be substantially improved if FWM crosstalk generation at the channel frequencies is prevented. The e ciency of FWM depends on the channel spacing and ber dispersion. If the frequency separation of any two channels of an optical WDM system is di erent from that of any other pair of channels, no FWM crosstalk signals will be generated at any of the channel frequencies [1] [2] [3] [4] [5] [6] [7] [8] [9] . To suppress the crosstalk due to FWM signals in optical WDM systems, several unequally spaced channel allocation (USCA) algorithms have been proposed in the literatures [1, [10] [11] [12] [13] [14] [15] [16] . However, the algorithms [1, [10] [11] [12] [13] [14] [15] [16] have the drawback of increased optical bandwidth requirement compared to the equally spaced channel allocation (ESCA). This paper proposes an unequally spaced optical bandwidth channel allocation algorithm by taking into consideration the concept of near-OGR sequences [7, [17] [18] [19] to suppress FWM crosstalk in optical WDM systems.
Studies have been shown that Golomb rulers represent a class of NP-complete [20] problems. For higher order marks, the exhaustive computer search [21, 22] for such problems is di cult. In the literatures [21] [22] [23] [24] [25] [26] , there are numerous algorithms to tackle the Golomb ruler problem. To date, no e cient algorithm is known for nding the shortest length ruler. The realization of nature-inspired metaheuristic optimization algorithms such as Memetic approach [26] , Tabu search (TS) [26] , Genetic algorithms (GAs) [27] [28] [29] [30] and its hybridizations (HGA) [29] , Biogeography based optimization (BBO) [30] [31] [32] , Big bang-Big crunch (BB-BC) [33] [34] [35] [36] , Fire y algorithm (FA) [36] [37] [38] , and hybrid evolutionary (HE) algorithms [38] in nding relatively good solutions to such NP-complete problems, provide a good starting point for algorithms of nding near-OGRs. Therefore, nature-inspired algorithms seem to be very e ective solutions for such NP-complete problems. This paper proposes the application of three recent nature-inspired algorithms, namely Bat inspired algorithm (BA), Cuckoo search algorithm (CSA), Flower pollination algorithm (FPA) and their modi ed forms to nd either optimal or near-optimal Golomb rulers in a reasonable time and their performance compared with the existing conventional and nature-inspired algorithms to nd near-OGRs.
The structure of this paper is organized as follows: Section 2 presents the concept of Golomb rulers and its background. A brief account of nature-inspired based optimization algorithms is explained in Section 3. Section 4 and 5 provides the problem formulation and experimental results comparing with conventional and nature-inspired based optimization algorithms for nding unequal channel spacing (UCS), respectively. Conclusions and future work are outlined in Section 6.
Golomb Rulers and its Background
W. C. Babcock [7] rstly introduced the concept of Golomb rulers, and further was described by S. W. Golomb et. al. [17] .
Golomb rulers are an ordered set of unevenly marks at non-negative integer locations such that no distinct pairs of numbers from the set have the same di erence [43] [44] [45] [46] . De nition (Golomb ruler) 1: An n-marks Golomb ruler G is an ordered set of n distinct non-negative (positive) integer numbers
The non-negative integer numbers are referred to as marks or order. The number of marks on a ruler is referred to as the ruler size. The di erence between the largest and smallest number is referred to as the ruler length RL [17, 30, 31] , i.e. RL = max(G) − min(G) = xn − x (2.3) where max(G) = max{x , x , ..., x n− , xn} = xn (2.4) and min(G) = min{x , x , ..., x n− , xn} = x (2.5)
De nition (Golomb ruler) 2: A set of n distinct non-negative integer numbers G = {x , x , ..., x n− , xn} x < x < ... < x n− < xn is a Golomb ruler of n-marks if and only if [40] ∀i, j, k, l ∈ { , , ..., n − , n},
De nition (Golomb ruler) 3: Let f : {1, 2,. . . ,n-1, n}→ {0, 1,. . . ,m-1, m} be injective with f (1) = 0, G(n) = m; f is a n-marks Golomb ruler if and only if [45, 46] ∀i, j, k, l ∈ { , , ..., n − , n}, f
Generally, the rst mark x of Golomb ruler set G may be assumed on position 0. That is in such a canonical form, if x = (2.8)
then the n-marks Golomb ruler set G becomes G = { , x , ..., x n− , xn} (2.9)
The ruler length RL of such n-marks Golomb ruler set G is: RL = xn (2.10) Figure 1 illustrates an example of a Golomb ruler set G = {0, 1, 4, 6} with mark n = 4 and ruler length RL = 6. The associated distance with each pair of marks is also shown in Figure 1 .
. Algebraic Properties of Golomb Rulers
The simple algebraic properties that nd new Golomb ruler set G are the translation property, the multiplication property, linearity property, and the mirror image or re ection property [39, 40, 47] . Translation Property: If the non-negative integer set G = {x , x , ..., x n− , xn} is an n-marks Golomb ruler, then the set
is also an n-marks Golomb ruler set.
Proof. If G is Golomb ruler and G is not, there must exist i, j, k, l such that
The equation 2.13 gives a contradiction since set G is a Golomb ruler.
Multiplication Property:
If the non-negative integer set G = {x , x , ..., x n− , xn} is an n-marks Golomb ruler, then the set G = {ax , ax , ..., ax n− , axn} (2.14)
is also an n-marks Golomb ruler for every non-zero integer a (i.e. a ≠ 0).
Proof. Likewise, in previous property, if set G is Golomb ruler and G is not, there must exist i, j, k, l such that
The equation 2.16 gives a contradiction fact, as original set G is a Golomb ruler.
Linearity Property: If the non-negative integer set G = {x , x , ..., x n− , xn} is an n-marks Golomb ruler, then the set
is also an n-marks Golomb ruler for all non-negative integers a, b, with non-zero value of integer a (i.e. a ≠ 0).
Proof. As in the previous properties, if G is Golomb ruler set and G is not, then there must exist i, j, k, l such that
The equation 2.19 gives the contradiction fact, as G is a Golomb ruler set.
Mirror Image or Re ection Property:
Let a mirror is put on the one end of a Golomb ruler set G = { , , , } as shown in Figure 1 . Then the integer numbers called marks will be estimated to some other points in the other half plane with the same mutual distances. A new Golomb ruler set G = { , , , } will be formed as shown in Figure 1 . Thus the new n-marks Golomb ruler set by using both translation and multiplication properties can be written as [41] :
This new n-marks Golomb ruler set is the mirror image of the original one. The new n-marks Golomb ruler set has a rst mark at position 0 (i.e. x = ) and has the same ruler length as that of the original (i.e. RL = xn).
In the mirror image of n-marks Golomb ruler set G , the n-th mark of the original Golomb ruler set G will be at the leftmost position of the mirror image Golomb ruler. The new position of each mark is given by [25, 44] :
Each Golomb ruler set has a mirror image for n > 2 and all the obtained mirror images are di erent from the original Golomb ruler set.
Proof. As stated in the above mentioned properties, if set G is Golomb ruler and G is not, then there must be
The equation 2.23 contradicting the fact that the set G is a Golomb ruler.
. Perfect Golomb Ruler
A perfect Golomb ruler measures all the positive integer distances from 1 to ruler length RL [20, 27] .
De nition (Perfect Golomb ruler):
An n-marks Golomb ruler set G = {x , x , ..., x n− , xn} is called perfect if for every integer, say d, Figure 1 shows the example of a 4-marks perfect Golomb ruler set which measures all the integer distances from 1 to 6. Together with the translations and re ections around the midpoint x +xn , the only perfect Golomb rulers are {0}, {0,1}, {0,1,3}, and {0,1,4,6}. There exist no perfect Golomb rulers for n > 4 [40] . An n-marks perfect Golomb ruler must have ruler length RL [25, 27] 
units long because it must include the lengths RL, (RL -1), (RL -2),. . . ,(RL -(RL -1)). If the ruler length RL > n −n , then there is a distance between 0 and RL that is not measured, as the number of marks on the ruler cannot be changed.
. Optimal Golomb Rulers (OGRs)
Since perfect Golomb rulers for n >4 cannot exist, the higher mark rulers are stated in terms of whether or not they are optimal. So, an optimal Golomb ruler (OGR) is the shortest length ruler for a given number of marks [48, 49] . De nition (Optimal Golomb ruler): An n-marks Golomb ruler set G = { , x , ..., x n− , xn} is referred to as optimal if it is of shortest possible length. There can be multiple di erent OGRs for a speci c number of marks. However, the unique optimal 4-marks Golomb ruler is shown in Figure 1 . In a case where a Golomb ruler is not optimal, but its length is near to optimal, it will be considered as a near or non-optimal Golomb ruler. For example, the set G = {0,1,3,7} is a 4-marks near-OGR since its di erences are {1 = 1 -0; 2 = 3 -1; 3 = 3 -0; 4 = 7 -3; 6 = 7 -1; 7 = 7 -0}, all of which are distinct. It is clear from the di erences that the integer number 5 is absent so it cannot be designated as a perfect Golomb ruler. An n-marks Golomb ruler is said to be an optimal Golomb ruler if and only if, [30] 1. there is no other n-marks Golomb ruler with the smaller ruler length, and 2. the ruler is in canonical form as the smaller of the equivalent rulers { , x , ..., x n− , xn} and { , ..., xn − x , xn}. This smaller means that the di erence distance between the rst two marks in the ruler set is less than the corresponding distance in the equivalent ruler.
For example the set G = {0,1,3,7,12,20}, shown in Figure 2 is a non-optimal 6-marks Golomb ruler having ruler length 20. From the di erences it is clear that the numbers 10, 14, 15, 16, 18 are missing, so it is not a perfect Golomb ruler sequence. The distance associated between each pair of marks is also shown in Figure 2 . The OGRs play an important role in a variety of real-world applications including radio frequency allocation, sensor placement in X-ray crystallography, computer communication network, pulse phase modulation, circuit layout, geographical mapping, self-orthogonal codes, VLSI architecture, coding theory, linear arrays, tness landscape analysis, radio astronomy, antenna design for radar missions, sonar applications and NASA missions in astrophysics, planetary and earth sciences [7, 17, 25, 27, 41, 42, [50] [51] [52] [53] [54] [55] [56] .
Although the de nition of Golomb rulers does not place any limitation on the ruler length, researchers are usually interested in rulers with smallest length, i.e. to nd the n-marks OGR, the function G(n) is given by:
So far the exact values of OGRs G(n) for up to n = 27 are known and there are some prospects for OGRs up to 158-marks [57, 58] . Firstly, the idea of Golomb rulers up to 10-marks were studied by W. C. Babcock [7] , while analyzing the position of radio channels in the frequency spectrum. According to the literatures [40] [41] [42] , all of rulers' up to 8-marks introduced by Babcock are optimal; the 9 and 10-marks are near-to-optimal. A. Dimitromanolakis [41] computationally estimated and proved a detailed discussion of OGRs for every integer n that
As there are n −n distinct non-negative di erences between any two marks, so the ruler length is at least the same as given by equation 2.24. The computer searches give the largest known value of G(n). The 27-marks OGR has an optimal ruler length of 553 i.e. from the equation 2.25, G(27) = 553 which satis es the equation 2.26 as well. The search for OGRs and to prove its optimality took several months or even years. The optimal Golomb rulers for 5 to 7-marks were found by J. P. Robinson et. al. [51] and for 8 to 11-marks by W.
Mixon. The OGRs with 12 and 13-marks were found by J. P. Robinson [21] , those from 14 to 17-marks were found by J. B. Shearer [22] by exhaustive computer search. According to [41, 57, 58] , the rulers for 17 and 18-marks were proved to be optimal by O. Silbert, while 19-marks OGR was found by W. T. Rankin [25] computer search approach. The search for OGRs for 20 to 27-marks was completed by distributed.net [43] OGR project. Distributed.net is now actively searching the OGRs for n > 27.
. . Related Literature on Constructing OGRs
The n-marks optimal Golomb ruler problem has been solved by using numerous di erent methods. In this subsection, a quick review of some known relevant approaches used to nd either optimal or near-optimal Golomb rulers are presented.
. . . Algebraic approaches In the literature several algebraic approaches and their proof are available for constructing Golomb ruler sequences. The best known construction algebraic approaches to produce Golomb rulers are Extended quadratic congruence (EQC) and Search algorithm (SA), Erdös-Turan, Rusza-Lindström, Bose-Chowla, Singer, and Symmetric Golomb Costas arrays constructions [1, 15, 41, 46] . The construction approaches EQC and SA proposed in [1, 15] works always, but, unfortunately, are far from optimal and are limited to prime number of marks. A drawback of the construction approaches presented in [41, 46] is that they can nd either optimal or near-OGRs only to a prime or the power of a prime number of marks.
. . . Exact approaches
There are some classical approaches used to nd and verify OGRs. One of these approaches, Scienti c American algorithm was presented in [59, 60] . This approach had two parts: the ruler generation and the Golomb veri cation. The input to generation part was the number of marks n and an upper bound on the ruler length and constructed a Golomb ruler. The second part of the approach veri es whether or not the generated ruler sequence meets all criteria for a Golomb ruler. Other approaches to nd OGRs are Token Passing algorithm and the Shift algorithm [25, 42] . To improve the execution time, approaches in [25, 42] considered a set of search space reduction methods. Generally, both non-systematic and systematic (exact) approaches had been applied in order to nd the OGRs. With non-systematic approaches, optimal or near-optimal Golomb rulers can be computed up to 158-marks [57, 58] . The most e cient exact approach to nd OGRs was presented by J. B. Shearer [22] to enumerate OGRs up to 16-marks. This approach was based on the combination of branchand-bound and backtracking approaches, making an upper-bound set to the length of the best known solution. This approach positively in uenced the performance by avoiding the divergence of the results. This approach is used in several parallel schemes such as the OGR project by Distributed.net. The drawback of this approach is that it took several months or even years of calculation to achieve results with high computational power [25, 42, 43] .
Thus, nding Golomb ruler sequences and to prove its optimality with a large number of marks is, computationally speaking, very costly. For example, the search for 19-marks OGR took approximately 36,200 CPU hours on a Sun Sparc workstation using a very particular approach [42] . Moreover, the OGRs for 20 to 27-marks were obtained by using exhaustive parallel search computation on distributed.net, taking several monthseven years of calculations for 24 or 27-marks [43] . In [27] , it was proved that Golomb rulers represent a class of NP-complete problem. For the larger marks values the exhaustive search, without metaheuristics, of such NP-complete OGR problems is impossible. The time required to nd an optimal value of n-marks Golomb ruler, i.e. G(n) increases exponentially by a factor of more than 10 when the value of mark n is increased by 1 [41] .
Since the exact approaches for nding Golomb rulers is impractical in terms of computational resources, di erent nature-inspired based metaheuristic optimization algorithms [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] have been proposed to nd optimal and near-optimal Golomb rulers sequences at a reasonable time. Therefore, the nature-inspired based metaheuristic optimization algorithms appear to be the best solutions for such NP-complete OGR problem.
This paper presents the application of three new nature-inspired metaheuristic optimization algorithms to nd near-OGR sequences as a WDM channel allocation algorithm. On applying the OGRs as channel allocation, it was possible to achieve the smallest distinct number to be used for the WDM channel allocation problem. As the di erence between any two numbers is distinct, the new FWM frequency signals generated would not fall into the one already assigned to the carrier channels.
Nature-Inspired Metaheuristic Algorithms
Due to the highly nonlinearity and complexity of the problem of interest, design optimization in engineering elds tends to be very challenging. As conventional computing algorithms are local search algorithm, they are not the best tools for highly nonlinear global optimization, and thus often miss the global optimality. In addition, design solutions have to be robust, low cost, subject to uncertainty in parameters and tolerance for imprecision of available components and materials. Nature-inspired algorithms are now most widely used optimization algorithms. The guiding principle is to devise algorithms of computation that lead to an acceptable solution at low cost by seeking for an approximate solution to a precisely/imprecisely formulated problem [61] [62] [63] [64] [65] [66] [67] [68] .
This section is devoted to the brief overview of nature-inspired based metaheuristic optimization algorithms based on the theories of the echolocation characteristics of microbats called BA, brood parasitism of the cuckoo species called CSA and ow pollination process of owering plants called FPA.
The power of nature-inspired optimization algorithms lies in how faster the algorithms explore the new possible solutions and how e ciently they exploit the solutions to make them better. Although all optimization algorithms in their simpli ed form work well in the exploitation (the ne search around a local optimal), there are some problems in the global exploration of the search space. If all of the solutions in the initial phase of the optimization algorithm are collected in a small part of search space, the algorithms may not nd the optimal result and with a high probability, it may be trapped in that sub-domain. One can consider a large number for solutions to avoid this shortcoming, but it causes an increase in the function calculations as well as the computational costs and time. So for the optimization algorithms, there is a need by which exploration and exploitation can be enhanced and the algorithms can work more e ciently. By keeping this in mind, two features, tness (cost) based mutation strategy and random walk i.e. Lévy-ight distribution is being introduced in the proposed nature-inspired metaheuristic algorithms, which is the main technical contribution of this paper. In modi ed algorithms the mutation rate probability is determined based on the tness value. The mutation rate probability MR t i of each solution x i at running iteration index t, mathematically is:
where f t i is the tness value of each solution x i at the iteration index t, and Max(f t ) is the maximum tness value of the population at iteration t. For all proposed algorithms, the mutation equation [69, 70] use throughout this paper is:
where x t i is the population at running iteration index t,
* is the current global best solution at iteration one less than running iteration index t, pm is mutation operator, r and r are uniformly distributed random integer numbers between 1 to size of the given problem. The numbers r and r are di erent from running index. Typical values of pm are the same as in GAs, i.e. 0.001 to 0.05. The mutation strategy increases the chances for a good solution, but a high mutation rate (pm = 0.5 and 1.0) results in too much exploration and is disadvantageous to the improvement of candidate solutions. As pm decreases from 1.0 to 0.01, optimization ability increases greatly, but as pm continues to decrease to 0.001, optimization ability decreases rapidly. A small value of pm is not able to su ciently increase the solution diversity [30] .
The Lévy ight distribution [71] used for all proposed algorithms in this paper mathematically is given by:
Here, Γ(λ) is the standard gamma distribution, valid for large steps, i.e. for s > 0. Throughout the paper, λ = 3/2 is used. In theory, it is required that |s | , but in practice s can be as small as 0.1 [71] . By introducing these two features in the simpli ed forms of proposed nature-inspired algorithms, the basic concept of the search space is modi ed, i.e. the proposed algorithms can explore new search space by the mutation and random walk. A fundamental bene t of using mutation and Lévy ight strategies with nature-inspired algorithms in this paper is their ability to improve its solutions over time, which does not seem in the existing algorithms [26-34, 37, 39] to nd near-OGRs.
. Bat Algorithm and its Modi ed forms
X. S. Yang [61-65, 72, 73] , inspired by the echolocation characteristics of microbats, introduced an optimization algorithm called Bat algorithm (BA). In describing this new algorithm, the author in [73] uses the following three idealized rules:
1. To sense the distance, all bats use echolocation and they also know the surroundings in some magical way; 2. Bats y randomly with a velocity v i at position x i , with a xed frequency range [ 
where β ∈ [ , ] is a random vector drawn from a uniform distribution. A random walk is used for local search that modi es the current best solution according to:
where x best = x * , ε ∈ [− , ] is a scaling factor and A t is loudness. Further the loudness A and pulse rate r are updated according to the equations 3.8 and 3.9 respectively as the iterations proceed:
where α and γ are constants and for simplicity, α = γ is chosen. For most of the simulation α = γ = 0.9 is used [73] [74] [75] [76] . By combining the characteristics of mutation strategy (equations 3.1 and 3.2), Lévy ights distribution (equation 3.3), with the simple BA, three new algorithms, namely, Bat algorithm with mutation (BAM), Lévy ight Bat algorithm (LBA), and Lévy ight Bat algorithm with mutation (LBAM) can be formulated. For LBA, the modi cation performed in equation 3.7 is given by:
Based on these idealizations, the basic steps of BA can be described as a general pseudo-code shown in Figure 3 . In Figure 3 , if the concept of Lévy ights in lines 11, 12 and mutation (lines 17 to 22) are omitted, then Figure 3 corresponds to the general pseudo-code for simple BA. If only the concept of mutation is not used in Figure 3 , then it corresponds to the pseudo-code for LBA, otherwise Figure 3 shows the general pseudo-code for LBAM algorithm.
. Cuckoo Search Algorithm and its Modi ed form X. S. Yang et al. [77] [78] [79] [80] , inspired by brood parasitism of some cuckoo species, developed a novel natureinspired metaheuristic optimization algorithm called a Cuckoo search algorithm (CSA). In addition, CSA algorithm is enhanced by the Lévy ight trajectory of some birds, rather than by simple random walks. For describing this new algorithm, X. S. Yang et al. use the following three idealized rules:
1. Each cuckoo lays one egg at a time, and dumps it in a randomly chosen nest; 2. The best nest with high quality of eggs (solution) are carried over to the next iterations; 3. The number of available host nests is xed, and a host can discover an alien egg with probability pa ∈ [0,1]. In this case, the host bird can either throw the egg away or simply abandon the nest so as to build a completely new nest in a new location.
For simplicity, the last assumption can be approximated by a fraction pa of the n host nests being replaced by new nests (with new random solutions). For a maximization problem, the quality, i.e. tness of a solution can simply be proportional to the value of the objective function. When new solutions x t are generating for, say, a cuckoo i, a Lévy ight is performed as [77] :
where α > is the step size, which should be related to the scale of the speci ed problem.
As the authors in [77] , already introduced the Lévy ights distribution concept to enhance the performance, so only mutation strategy is applied to the simple CSA to explore the search space. The new modi ed algorithm so formulated is named as a Cuckoo search algorithm with mutation (CSAM). The basic steps of CSAM can be summarized as the pseudo-code shown in Figure 4 . If the concept of mutation (lines 9 to 14) is withdrawn from Figure 4 , then it corresponds to the pseudo-code for simple CSA.
. Flower Pollination Algorithm and its Modi ed form X. S. Yang et. al [71, 81, 82] , inspired by the ow pollination process of owering plants, introduced a novel nature-inspired optimization algorithm called Flower pollination algorithm (FPA). For describing this novel metaheuristic algorithm, the authors in [71] use the following four idealized rules:
1. For global pollination process, biotic cross-pollination is used and pollen-carrying pollinators obey Lévy ight movements; 2. For local pollination, abiotic and self-pollination are used; 3. Pollinators such as insects can develop ower constancy, which is equivalent to a reproduction probability that is proportional to the similarity of two owers involved; 4. The interaction of local pollination and global pollination can be controlled by a switch probability p ∈[0,1], with a slight bias towards local polination.
In FPA, the global pollination and local pollination are two main steps. In the global pollination step, ower pollens are carried by pollinators such as insects, and pollens can travel over a long distance because insects can often y and travel over a much longer range. The rst rule and ower constancy (i.e. third rule) can be written mathematically as [71] :
where x t i is the pollen i or solution vector x i at iteration t, x * is the current best solution (i.e. most ttest) found among all solutions at the current iteration and γ is a scaling factor to control the step size. The Lévy ight based step size L(λ) corresponds to the strength of the pollination. Since insects may travel over a long distance with various distance steps, a Lévy ight can be used to mimic this characteristic e ciently. That is, L > 0 is drawn from a Lévy ight distribution.
For local pollination, the second rule and ower constancy can be written mathematically by [71] : . Pollination may also occur in a ower from the neighboring ower than by the far away owers. For this, a switch probability (i.e. fourth rule) or proximity probability p can be used to switch between global pollination and local pollination.
Like CSA, the author in [71] already introduced the concept of Lévy ight distributions in FPA, so only mutation based on the tness value (equations 3.1 and 3.2) is added to simple FPA. The new algorithm so formed is named in this paper as a Flower pollination algorithm with mutation (FPAM) which is summarized as pseudo-code shown in Figure 5 . The only di erence in the pseudo-code for FPA and FPAM is only the addition of mutation (lines 19 to 24) in Figure 5 . If lines 19 to 24 are not used in Figure 5 then it corresponds to the pseudo-code for simple FPA. 
Finding Near-OGRs: Problem Formulation
Both simplicity and e ciency attract researchers towards natural phenomenon to solve NP-complete and complex optimization problems. The rst problem investigated in this research is to nd Golomb ruler sequences for unequal channel allocation. The second problem is to obtain either optimal or near-optimal Golomb rulers through nature-inspired metaheuristic algorithms by optimizing the ruler length so as to conserve the total occupied optical channel bandwidth.
If each individual element in an obtained set (i.e. non-negative integer location) is a Golomb ruler, the sum of all elements of an individual set form the total occupied optical channel bandwidth. Thus, if the spacing between any pair of channels in a Golomb ruler set is denoted as CS, an individual element is as IE, and the total number of channels/marks is n, then the ruler length RL and the total optical channel bandwidth TBW are given mathematically by the equations 4.1 and 4.2, respectively. Ruler Length (RL):
Alternatively, the equation 4.1a can also be re-written as:
Total Bandwidth (TBW): The OGR sequences as WDM channel allocation have two optimization objectives (bi-objective) functions f and f with nonlinear equality and inequality constraints. The OGRs as WDM channel-allocation problem having bi-objectives can be written in general as:
where
and
Generally, a weighted sum approach [74, 81, 82] is used to combine the multiple objective functions (here f and f ) into a single composite objective function f .
with w + w = and w > ; w > (4.7)
where w and w represent the randomly generated weight values from a uniform distribution. A set of random numbers u i (here i = 1,2) are generated from a uniform distribution U [0,1]. Then, the weight values w and w are normalized by:
These normalized weight values (w and w ) serve as preferences for optimizing the bi-objective functions f and f . The weight values can vary with su cient diversity so as to estimate the Pareto front [64, 74, 82] e ciently.
.
Nature-Inspired Algorithms to Find Near-OGRs
The general pseudo-code to nd near-OGR sequences as WDM channel allocation by using nature-inspired optimization algorithms proposed in this paper is shown in Figure 6 . The core of the proposed nature-inspired algorithms are lines 20 to 31 which nd Golomb ruler sequences for a number of iterations or until either an optimal or near-to-optimal solution is found. Also the size of the generated population must be equal at the end of iteration to the initial population size (Popsize). Since there are many solutions, a replacement strategy must be performed as shown in Figure 6 to remove the worst individuals. This means that the proposed algorithms maintain a xed population of rulers and performs a xed number of iterations until either an optimal or near-to-optimal solution is found.
Simulation Results
This section presents the performance of proposed nature-inspired optimization algorithms and their performance compared with best known OGRs [17, 22, 25, 40, 42, 49, 57, 58] , two of the conventional computing algorithms, i.e. Extended quadratic congruence (EQC) and Search algorithm (SA) [1, 15] and three existing nature-inspired algorithms, i.e. GAs [30] , BBO [30] [31] [32] and BB-BC [33, 34] , of nding unequal channel spacing. All the proposed algorithms to nd near-OGRs have been coded and tested in Matlab-7.12.0 (R2011a) [83] language running under Windows 7, 64-bit operating system. The proposed algorithms have been executed on a processor working at 2.20GHz with a RAM of 3GB. 
. Simulation Parameters Selection for the Proposed Algorithms
To nd either optimal or near-optimal solutions after a number of careful experimentation, following optimum parameter values of proposed nature-inspired algorithms have nally been settled as shown in Tables 1  to 3 . The selection of a suitable parameter values of nature-inspired algorithms are problem speci c as there are no concrete rules. For BA, CSA, FPA, and their modi ed forms all the parameter values were varied from 0.0 to 1.0. By looking precisely at the obtained results, it was noted that A = 0.8, r = 0.5, pm = 0.01 are the best choices for BA and MBA (Table 1) , α = 0.01, pa = 0.5, pm = 0.05 are the best choices for CSA and CSAM (Table 2) , and γ = 1.0, p = 0.8, pm = 0.01 are the best choices for FPA and FPAM (Table 3 ) to nd near-OGRs.
. Near-OGR Sequences
With the above mentioned parameters setting, the large numbers of sets of trials for various marks/channels were conducted. Each algorithm was executed 25 times until near-optimal solution was found. A set of 10 trials with n = 6, 8 and 15 for the proposed nature-inspired algorithms are reported in Tables 4 and 5 . The performance of all the sets is nearly the same as reported in Tables 4 and 5 . The generated near-OGR sequences for di erent values of marks verify that they are Golomb rulers. Although the proposed algorithms nd same near-OGR sequences, the di erence is in a required maximum number of iterations, computational time, and computational complexities as discussed in the following subsections.
. Influence of Selecting Di erent Population Size on the Performance of Proposed Algorithms
In this subsection, the in uence of selecting the di erent population size (Popsize) on the performance of proposed nature-inspired optimization algorithms for di erent values of channels is examined. The increased Popsize increases the diversity of potential solutions, and helps to explore the search space. But as the Popsize increase, the computation time required to get either the optimal or near-optimal solutions increase slightly as the diversity of possible solutions increase. But after some limit, it is not useful to increase Popsize, because it does not help in solving the problem faster. The choice of the best Popsize for nature-inspired optimization algorithms depends on the type of the problem [84] . Table 6 shows the in uence of Popsize on the performance of the proposed algorithms to nd near-OGRs for 7, 9 and 14-marks. In this experiment, all the parameter settings for proposed nature-inspired algorithms are the same as mentioned in Tables 1 to 3 . Golomb ruler sequences realized from 10 to 16-marks by Tabu search algorithm [26] , the maximum Popsize was set to 190. In the hybrid approach proposed in [29] to nd Golomb rulers from 11 to 23-marks, the Popsize was set between 20 and 2000. The near-OGR sequences found by algorithms GAs and BBO [30] , maximum Popsize was 30. The BB-BC algorithm proposed in [33, 34] nds near-OGRs upto 11-marks with a maximum Popsize of 10. For the hybrid evolutionary (HE) algorithms [39] , to nd near-OGRs, maximum Popsize was 50.
From Table 6 , it is noted that Popsize has little e ect on the performance of all proposed nature-inspired optimization algorithms. By carefully looking at the results, the Popsize of 10 in all proposed algorithms was found to be adequate for nding near-OGR sequences.
. Influence of Increasing Iterations on Total Optical Channel Bandwidth
The choice of the best maximum iteration (Maxiter) for nature-inspired metaheuristic algorithms is always critical for speci c problems. Increasing the numbers of iteration will increase the possibility of reaching optimal solutions and promoting the exploitation of the search space. This means, the chance to nd the correct search direction increases considerably.
Here, all the parameter values for proposed nature-inspired algorithms are the same as mentioned in above subsections. By increasing the number of iterations, the total optical channel bandwidth tends to decrease; it means that the rulers reach their optimal or near-to-optimal values after certain iterations. This is the point where no further improvement is seen. Tables 7 and 8 illustrate the in uence of increasing iterations on the performance of proposed algorithms for various channels. It is noted that the iterations have little effect for low value marks (such as n = 7 and 8). But for higher order marks, the iterations have a great e ect on the total optical channel bandwidth i.e. total optical bandwidth gets optimized after a certain number of iterations.
In the literatures [26, 29] , the Maxiter for Tabu search algorithm to nd Golomb ruler sequences were set to 10000 and 30000, respectively. For the hybrid approach proposed in [29] to nd Golomb ruler sequences the maximum number of iterations set were 100000. In [30] , it was noted that to nd near-OGRs, GAs and BBO algorithms stabilized in and around 5000 iterations, while hybrid evolutionary algorithms [39] were stabilized in and around 10000 iterations. By carefully looking at the results, it is concluded that all the proposed optimization algorithms in this paper to nd either optimal or near-optimal Golomb rulers, stabilized at or around 1000 iterations. Table 9 enlists the ruler length and total occupied channel bandwidth by di erent sequences obtained from the proposed nature-inspired algorithms after 25 executions and their performance compared with best known OGRs (best solutions), EQC, SA, GAs, BBO and BB-BC. According to [1] , the applications of EQC and SA is restricted to prime powers only, so the ruler length and total occupied channel bandwidth for EQC and SA are presented by a dash line in Table 9 . Comparing the experimental results obtained from the proposed algorithms with best known OGRs and existing algorithms, it is noted that there is a signi cant improvement in the ruler length and thus the total occupied channel bandwidth, that is the results become improved. From Table 9 , it is also observed that simulation results are particularly impressive. First, observe that the algorithms BA, BAM and LBA can nd best rulers up to 17-marks and near-optimal rulers for 18 to 20-marks. The algorithms LBAM, CSA, CSAM, FPA and FPAM can nd best rulers up to 20-marks very e ciently and e ectively in a reasonable computational time.
. Performance Comparison of Proposed Algorithms with Previous Existing Algorithms in Terms of Ruler Length and Total Optical Channel Bandwidth
From the simulation results, it is concluded that modi ed forms of the proposed nature-inspired algorithms to nd either optimal or near-OGRs slightly outperform the algorithms presented in their simpli ed forms. As illustrated in Table 9 for higher order marks, the proposed algorithms outperform the other existing algorithms in terms of both the ruler length and total occupied channel bandwidth.
. Performance Comparison of Proposed Algorithms in Terms of Computational Time
Finding Golomb ruler sequences is an extremely challenging optimization problem. The OGRs generation by exhaustive parallel search algorithms for higher order marks is computationally very time consuming, which took several hours, months, even years of calculation on the network of several thousand computers [19, 25, 42, 43, 57, 58] . For example, rulers with 20 to 27-marks were found by distributed OGR project [43] which took several years of calculations on many computers to prove the optimality of the rulers. This subsection is devoted to report the experimental average CPU time taken to nd either optimal or near-optimal Golomb rulers by the proposed algorithms and their comparison with the computation time taken by existing algorithms [22, 25, 27, 29, 30, 33-36, 42, 43] . Table 10 reports the average CPU time taken by proposed algorithms to nd near-OGRs up to 20-marks. The experimental CPU time taken by BB-BC algorithm to nd near-OGRs is not reported in [33] . Then, using the same parameter values as mentioned in [33] , algorithm BB-BC to nd near-OGRs was executed to obtain the average computational CPU time. Figure 7 illustrates the graphical representation of the Table 10 .
In [27] , it is identi ed that to nd Golomb ruler sequences from heuristic based exhaustive search algorithm, the times varied from 0.035 seconds to 6 weeks for 5 to 13-marks ruler, whereas by non-heuristic exhaustive search algorithms took approximately 12.57 minutes for 10-marks, 2.28 years for 12-marks, 2.07e+04 years for 14-marks, 3.92e+09 years for 16-marks, 1.61e+15 years for 18-marks and 9.36e+20 years for 20-marks ruler. In [29] , it is reported that CPU time taken by Tabu search algorithm to nd OGRs is around 0.1 second for 5-marks, 720 seconds for 10-marks, 960 seconds for 11-marks, 1913 seconds for 12-marks and 2516 seconds (around 41 minutes) for 13-marks. The OGRs realized by hybrid Genetic algorithm [29] took around 5 hours for 11-marks, 8 hours for 12-marks, and 11 hours for 13-marks. The OGRs realized by the exhaustive search algorithms in [22] for 14 and 16-marks, took nearly one hour and hundred hours, respectively, while 17, 18 and 19-marks OGRs realized in [25] and [42] , took around 1440, 8600 and 36200 CPU hours (nearly seven months) respectively on a Sun Sparc Classic workstation. Also, the near-OGRs realized up to 20-marks by algorithms GAs and BBO [30] , the maximum execution time was approximately 31 hours i.e. nearly 1.3 days, while for BB-BC [33] the maximum execution time was around 28 hours, i.e. almost 1.1 days.
From Table 10 , it is noted that for proposed algorithms, the average CPU time varied from 0.0 second for 3-marks ruler to approximately 23 hours for 20-marks ruler. The maximum execution time taken by the proposed algorithms BA and FPA for 20-marks ruler is about 23 and 19 hours respectively. By introducing the concept of mutation and Lévy ight strategies with the proposed nature-inspired algorithms, the minimum execution time for algorithm FPAM is reduced to approximately 18 hours i.e. less than one day. This represents the improvement achieved by the use of proposed optimization algorithms and their modi ed forms to nd near-OGR sequences. From Table 10 , it is further observed that algorithm FPAM outperforms the other proposed optimization algorithms in terms of computational time. 
. Performance Comparison of Proposed Algorithms in Terms of Computation Complexity
To arrive at optimal solutions, the proposed algorithms have an initialization stage and a subsequent stage of iterations. The computational complexity of proposed algorithms depends upon Popsize and Maxiter:
To nd Golomb rulers by Tabu search algorithm [29] , the maximum computation complexity was 57e+05 (190×30000). The maximum computation complexity for hybrid approach proposed in [29] was 2e+08 (2000×100000), whereas for GAs and BBO proposed in [30] , the maximum computation complexity was 15e+04 (30×5000). Thus, to generate 18-marks near-OGRs the computation complexity for BA, BAM, LBA, LBAM, CSA, CSAM, FPA, and FPAM is 8000, 7600, 7400, 7000, 6500, 6300, 6200, and 6100, respectively. Thus, it is clear that the algorithm FPAM outperforms the other proposed algorithms in terms of computation complexity. It is also further concluded that by introducing the concept of mutation and Lévy ight strategies in the simpli ed form of nature-inspired algorithms the computation complexity is reduced.
In general, the maximum computation complexity for all proposed algorithms to generate near-OGRs up to 20-marks is 10*1000=1e+04.
. Statistical Analysis of Proposed Algorithms and their Comparison
In order to evaluate and compare the performance of the proposed di erent nature-inspired optimization algorithms, the statistical analysis test of each proposed algorithm is performed. For the statistical analysis, each proposed metaheuristic optimization algorithm was executed 25 times using the same parameter values as reported in the above subsections. The obtained optimum values of RL and TBW (Hz) along with computational CPU time (Sec.) after each trial were noted for the statistical analysis test. Tables 11 and 12 report statistical analysis in the form of mean ± the standard deviation of the proposed optimization algorithms to nd optimal and near-optimal Golomb rulers for various channels (the best values are in bold).
From Tables 11 and 12 , it is clear that the algorithm LBAM performs much better than BA, BAM and LBA, whereas the algorithm CSAM outperforms LBAM and CSA, while the algorithm FPAM is much superior to FPA and CSAM in terms of mean and standard deviation. It suggests that the algorithm FPAM performs better than all the other algorithms presented in the standard and their modi ed forms to nd OGRs for optical WDM systems. In order to analyze whether the OGRs found by algorithm FPAM are signi cant or not, non-parametric Friedman's statistical test [85] on the ruler length, total bandwidth and CPU time is carried out to rank the proposed algorithms. For the statistical analysis, two hypotheses, the null hypothesis H and the alternative hypothesis H , are de ned. The null hypothesis states that there is no di erence or no change, whereas the alternative hypothesis represents the presence of a di erence or change among the proposed nature-inspired metaheuristic algorithms. In order to reject a null hypothesis H in statistical analysis procedure, a 95 % con dence level of signi cance is used to estimate at which level the null hypothesis H can be rejected. In statistical analysis, a p-value is determined to estimate whether a statistical hypothesis test for the proposed algorithms is signi cant or not, and it also provides information about how signi cant the result is. The aim to use Friedman's non-parametric statistical test for multiple comparison in this paper was to examine the statistical di erence or change between the performances of all the proposed algorithms for OGRs problem in optical WDM systems. Table 13 reports the average ranking obtained by Friedman's statistical test in terms of RL, TBW (Hz) and CPU time (Sec.). At a 95 % con dence level of signi cance with 7 as degrees of freedom the critical value in χ distribution is 2.167. As mentioned in Table 13 , the estimated Friedman's statistic value for RL, TBW (Hz), and CPU time (Sec.) are larger than the critical values in χ distribution. It further suggests that there is a signi cant di erence between the performance of proposed optimization metaheuristic algorithms i.e. the null hypothesis H is rejected. The algorithm FPAM is with the lowest rank and outperforms the other proposed algorithms. The estimated p-value in Friedman's statistic is <0.00001 for RL, TBW and CPU time.
In order to statistically estimate better performance of the algorithm FPAM to nd OGRs, the Holm's posthoc statistical test [86] is being conducted using FPAM as a control algorithm. The unadjusted and adjusted p-values estimated through the Holm's post-hoc statistical procedure is reported in Table 14 . It can be seen from Table 14 that the algorithm FPAM is potentially better than all other proposed algorithms (standard and their modi ed forms) for OGRs problem in terms of both e ciency and success rate at 95% con dence level. This is no surprise as the aim of developing the new metaheuristic algorithms and their modi ed forms to nd OGRs was to try to use the advantages of mutation strategy and random walk via. Lévy-ight distribution. . ± .
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< . The performance evaluation of proposed nature-inspired metaheuristic algorithms implies that the proposed algorithm FPAM is potentially more powerful and thus should be investigated further in many applications of industrial and engineering optimization problems.
Conclusions and Future Work
In this paper, WDM channel allocation algorithm by considering the concept of OGR sequence was presented.
Finding either optimal or near-OGR sequences through conventional computing algorithms is computationally hard problem. The aim to use nature-inspired metaheuristic algorithms was not necessarily to produce perfect results, but to produce the near-to-optimal results under the given constraints. This paper presented the application of three nature-inspired algorithms (BA, CSA and FPA) and their modi ed forms (MBA, CSAM and FPAM) to solve near-OGRs problem. The proposed algorithms were validated and compared with other existing algorithms to nd near-OGRs. It was observed that modi ed forms, enumerate near-OGRs very efciently and more e ectively than their simpli ed forms. Simulated results showed that the proposed algorithms are superior to the existing algorithms in terms of ruler length, total optical channel bandwidth, computational complexity and computation time. From preliminary results it was also concluded that algorithm MBA outperforms BA, CSAM outperforms both MBA and CSA, whereas FPAM slightly outperforms MBA, CSAM and FPA in terms of experimental computation time, computational complexity and maximum number of iterations needed to nd optimal and near-optimal Golomb rulers. This implies that FPAM is potentially more superior to all other algorithms for solving such NP-complete problems in terms of both e ciency and success rate.
To date, the research done in [1, 3-7, 10-16, 30, 33] do not show the implementation of their algorithm in real WDM systems. Although numerous algorithms have been suggested for nding near-OGRs, there is no uniformly accepted formulation yet. So, in order for these algorithms to be of practical use, it is desired that the performance of these algorithms for higher order OGRs up to about several thousand channels is evaluated and used to provide unequal channel spacing in the real WDM system. Though this process will be very time consuming, this needs to be done for this work to be of some use in the eld of communication engineering.
